Abstract: One mechanism to generate optical rogue waves is the soliton fusion phenomenon. The impact of initial parameters such as pulse spacing, frequency separation, and phase difference between adjacent soliton shape pulses for soliton fusion phenomenon has been analyzed based upon soliton's eigenvalue. Numerical simulation results reveal that the parameter space can be divided to three regions, i.e., co-propagation, soliton fusion, and repulsion, which are sensitively dependent on the initial parameter.
Introduction
Soliton fusion is a wave phenomenon that is observed in optical fiber as a result of interaction between co-propagating soliton shape pulses with small temporal, frequency, and appropriate phase separation [1] . Merging of soliton shape pulses into a single pulse during pulse collision is the principal feature of soliton fusion. As a result of soliton fusion, a high-intensity robust light structure arises and propagates over long distances without turning back to the initial soliton shape pulses. The phenomenon itself has been analyzed using various nonlinear evolution models [2] - [10] . Initial conditions of soliton shape pulses strongly influence interactions [11] . Furthermore, this phenomenon has been discovered both theoretically and experimentally [11] .
In fact, soliton fusion has been observed in different fields. More complex and interesting one from a practical perspective is rogue wave structure. In recent years, since the publication of a pioneering paper by Solli et al. in 2007 [12] , research on rogue wave phenomena has been conducted actively for light waves. Recently, these optical rogue waves were found inside lasers and other optical systems such as multimode optical systems [13] . Chaotic pulses have been observed experimentally in fiber ring lasers [14] and various mode-locked laser configurations [15] - [17] . Reportedly, the mechanism generating optical rogue waves is soliton fusion [18] , [19] , aside from soliton collision processes, which we have already demonstrated [20] , [21] . Amplitude maintenance for long propagation after merging of two soliton shape pulses is the most remarkable property of soliton fusion generated optical rogue waves. Generation of soliton fusion is associated with initial pulse spacing, frequency separation, and phase difference of the soliton shape pulses, as presented in Fig. 1 . Co-propagation or repulsion occurs according to parameters of colliding soliton shape pulses. Interactions between pulses can be changed from attractive to repulsive, depending on the amount of the initial pulse spacing, frequency separation, and phase difference. Energy dissipation of soliton shape pulses can also be observed during interaction processes. A part of the energy is transferred to dispersive waves. Consequently, soliton fusion will be accelerated as a result of multiple interactions between soliton shape pulses and dispersive waves [1] .
As a first step to analyze the complete propagation effects, we investigate the impact of pulse parameters on soliton fusion phenomena. In this paper, two simultaneously launched optical soliton shape pulses with different parameters are considered. Numerical results show that the relative pulse spacing, frequency separation, and the phase difference between two optical pulses determine their evolution. A numerical demonstration of soliton fusion is obtainable by solving the nonlinear Schrödinger equation (NLSE). This work was conducted to demonstrate the fusion processes resulting from interactions both between soliton shape pulses and dispersive waves. Since conditions for the soliton fusion are extremely delicate, the fusion itself is a very rare event. Two soliton fission ejected soliton shape pulses will meet in the fusion process rather than through quasi-elastic collision, when soliton shape pulses have either small temporal or frequency shift. The analysis tool, i.e., soliton's eigenvalue based analysis, is same as that we used in our previous papers [20] , [21] . However, the analysis object, i.e., the soliton fusion phenomenon is completely different from what we focused in our previous papers. The impacts of pulse parameters for soliton fusion phenomenon have been analyzed in detail using soliton's eigenvalue analysis for the first time to the best of our knowledge.
The remainder of this paper is organized in the following order. In Section II, the calculation method of soliton eigenvalues is explained briefly. Then soliton fusion processes are demonstrated. Numerical models and the results are presented in Section III. Fusion events for different pulse parameters are presented in this section. The authenticity assessment of numerical simulation results is discussed in Section IV. Finally, the parameter range achieved for soliton fusion phenomena is concluded.
Eigenvalue Analysis and the Soliton Fusion Process
A numerical demonstration of soliton fusion phenomenon is calculable by solving the NLSE. Behavior of the complex envelope of a lightwave propagating in a fiber in the presence of anomalous group velocity dispersion and nonlinearity can be expressed as
where Z , T , and u(Z , T ), respectively, represent the normalized quantities of propagation distance, time moving with the group velocity, and complex envelope of electric field [22] . The eigenvalue equation associated to (1) can be represented as
where ζ ≡ (κ + i η)/2 is a complex eigenvalue with two real numbers, and κ as well as η, and ψ (Z , T )( = 1, 2) are the eigenfunctions [23] . As long as u is a solution of (1), the eigenvalue ζ of (2) is invariant with Z . The real part and the imaginary part of soliton eigenvalue are associated, respectively, with group velocity and amplitude of the soliton. In order to determine the eigenvalue ζ, (2) is converted to integral equations by performing the Fourier transformation with respect to T defined bỹ
then (2) is transformed to
whereũ(Z , ) and ψ (Z , )( = 1, 2), respectively, represent the Fourier transform of u(Z , T ) and ψ (Z , T ). Furthermore, by discretization in domain and replacing the integration by summation over discretized sections, (4) can be converted into discrete form for a fixed distance.
Equation (5) can be rewritten as an eigenvalue problem of matrix form, as shown in
Here, ( = 1, 2) is a column vector with elements of ψ ( n ). A and B are N × N square matrices. The respective elements are given as
Here, n jk = N /2 + j − k + 1 for even number N , and (= n+1 − n ) is the discretization interval in the frequency domain. B * is the conjugate transpose of B. Numerical simulations are performed by considering the pulse parameters of the initial waveform given by,
where T , κ, and θ, respectively, represent the normalized quantities of pulse spacing, frequency separation, and phase difference. When two identical soliton shape pulses are launched into an optical fiber, they either co-propagate or repulse each other depending on their pulse parameters. To inspire a brief idea on pulse interactions, intensity profiles along the propagation distance for soliton collision process are presented schematically in Fig. 2 for different pulse spacing and frequency separation. Two fundamental soliton shape pulses given by (9) shows repulsive solitons for T = 6.0, κ = 0.3, and θ = 0 case. The eigenvalue of each soliton is constant during the propagation. The relative temporal spacing and frequency separation of the two soliton shape pulses determine their evolution. Co-propagation and repulsion are apparent after the collision according to temporal spacing and frequency separation of two soliton shape pulses. Two soliton fission ejected solitons because of modulation instability will meet in interactions rather than quasi-elastic collision when the temporal and frequency separation between two solitons is small. In the repulsion case, two solitary pulses have been found to propagate independently after the collision. Dissipation of the energy of soliton shape pulses can be observed during the interaction process. A part of the energy is transferred to dispersive waves. Soliton fusion will be accelerated as a result of multiple interactions between soliton shape pulses and dispersive waves. The total energy of the initial waveform given by (9) can be represented as
Soliton collision is accompanied by strong irradiation of a low-intensity dispersive wave. Dispersive wave energy can be given as the difference between the total energy and the soliton energy. Dispersive wave energy E is given by
where η i represents double of an imaginary part of discrete eigenvalue ζ i and N represents the number of solitons. Simulation results will be validated based upon the energy criteria in the next section. Furthermore, solitons propagate inside the fiber with change of the temporal waveform periodically over the soliton period. Another approach to validate numerical simulation results is based on the soliton period, which is given by [24] , [25] 
where η 1 and η 2 denote the double of imaginary parts of two soliton's eigenvalues.
Numerical Simulation Model and the Results
The dynamics of soliton fusion phenomenon can be described by different manifestations. The objective of the present work is to demonstrate the fusion process of two soliton shape pulses by using soliton eigenvalues described in the preceding section. As characteristics of the soliton fusion process, colliding soliton shape pulses combine into one giant solitary wave that keeps propagating by maintaining its shape and intensity of about double of the parental soliton shape pulses. Delicate conditions such as small temporal spacing, frequency separation, and appropriate phase difference are necessary for the soliton fusion process. Equation (1) is solved for the initial waveform given as (9) using the split-step Fourier method to investigate delicate conditions for the fusion process. The computational window size and the sampling points are chosen, respectively, as W = 640 and N = 2 10 . Collision of soliton shape pulses is accompanied by strong irradiation of a low-intensity dispersive wave, as stated in the previous section. Because of the large value of the group velocity, a part of those dispersive waves quickly pass out computational time window. To suppress the reflection of the dispersive waves from the computational window edges, absorbing boundary conditions are used by applying a slightly increasing loss profile to cancel out dispersive waves at the edges of the time window. A 30% wide loss profile is added to both sides of the computational window.
In the following, the impacts of temporal spacing and frequency separation are demonstrated in subsection 3.1. Sub-section 3.2 presents the impacts of frequency separation and phase difference.
Impact of Temporal Spacing and Frequency Separation
To investigate the impact of temporal spacing and frequency separation for the fusion process, numerical simulations are performed by setting θ = 0 in (9) . For the sake of simplicity, the T = κ case is regarded as the first step. Real and imaginary parts of discrete eigenvalues and energy calculated using (9) with T = κ are depicted in Fig. 3 . Equation (9) has two discrete eigenvalues in two extreme cases; (κ, η) = (0, 1), (0, 3) for T = κ = 0, and (± κ/2, 1) for | κ| 1, which are already well known [24] , [25] . However, the other conditions of κ and η had not been investigated. Thus, we conducted numerical simulations to compute the eigenvalues in the unknown conditions the results of which is shown in Fig. 3 . In the figure, in order to characterize the soliton fusion phenomenon, three particular regions are classified by the black dotted line: (1) co-propagation (| κ| = |κ 1 − κ 2 | < 0.01), (2) soliton fusion (when the imaginary part of the second largest soliton becomes 0, it is less than 0.03 in the simulation), and (3) repulsion (other than the above two conditions). When the temporal spacing and frequency separation increase from T = κ = 0, the amplitude of weaker soliton shape pulse decreases slightly and damped to zero (region 1). The emergence of the dispersive wave represented by (11) can be associated with the dissipation of the weaker soliton shape pulse. The stronger soliton shape pulse is stable. Generally, (9) has only one discrete eigenvalue for 1.13 ≤ T ≤ 1.56. Fusion is apparent in this region 2. Furthermore, when temporal spacing and frequency separation becomes larger, weaker soliton shape pulse reappears and the amplitude becomes 1 in both soliton shape pulses in region 3. They propagate independently. The weaker soliton shape pulse reappears gradually when the radiation of dispersion wave becomes low. Consequently, co-propagating soliton shape pulses can be observed for T < 1.13 and 1.56 < T ≤ 1.86. The bifurcation point of the curve can be found at T = 1.86. Generally, sudden qualitative or topological change occurs in the bifurcation point. It is most commonly applied to a mathematical study of dynamic systems [26] . When T > 1.86, soliton shape pulses propagate with different group velocities, as represented in the real part of Fig. 3 . In this region, repulsion of two solitary pulses emerging from the collision of two soliton shape pulses can be observed. According to the energy assignment shown in Fig. 3 , irradiation of the dispersive waves is enhanced in region 2 by disappearance of the weaker soliton shape pulse. Good consistency is apparent in the energy conservation law for all regions. Table 1 presents an overview for the T = κ case.
To verify the numerical simulation results obtained using (9) with T = κ, two specific cases of T = κ = 0.8 in region 1 and T = κ = 1.3 in region 2 were examined more precisely. The 
No. of solitons 2 1 2 Phenomenon Co-propagation Fusion Repulsion peak power along the propagation distance in these two specific cases are portrayed in Fig. 4 , where the peak power largely oscillates with the propagation distance for T = 0.8 because two soliton shape pulses coexist for this case. This can be regarded as the co-propagation of two soliton shape pulses while maintaining the soliton period. Here, the soliton period is given by (12) . As shown in Fig. 3 , η 1 and η 2 , respectively, becomes 2.71 and 0.55. Therefore, the soliton period Z p becomes 1.79 for T = 0.8 case. For T = 1.3, on the other hand, the peak power approaches 5 while oscillating with the propagation distance. Imaginary part of the eigenvalue corresponds to the amplitude of the soliton shape pulse. Therefore, the calculated peak power using the imaginary part of the eigenvalue in Fig. 3 is (2.24) 2 = 5.02. The calculated power from the amplitude and the achieved power after propagation are almost identical. Consequently, analysis in regions 1 and 2 indicates that the soliton fusion can only occur in region 2. 5 shows the soliton period calculated using (12) and time interval between two peaks for the T = κ case described above. Analytical and numerical simulation results mutually agree well. The soliton period is increasing with pulse spacing.
To demonstrate the soliton fusion phenomenon more precisely, the relation between the initial pulse spacing and the frequency separation is observed for a wide range. The results are presented in Fig. 6 . Co-propagating soliton shape pulses are apparent in region 1. Soliton fusion can be observed in region 2. Most of the pulse parameters which generate soliton fusion exist above κ ≤ 0.88 T . Repulsing soliton shape pulses are appearing in region 3. Initial pulse spacing and frequency separation are expected to be below the blue solid line in Fig. 6 to produce either soliton fusion or co-propagating soliton shape pulses. Optical soliton shape pulses in region 2 can be related to generation of optical rogue waves through the soliton fusion process.
Impact of Frequency Separation and Phase Difference
The effects of phase difference for fusion process of two simultaneously launched soliton shape pulses are demonstrated in this subsection. T = 1.3 is chosen as a specific case for soliton fusion, as mentioned in the preceding subsection. Real and imaginary parts of discrete eigenvalues and energy assignment for κ = θ case in (9) are presented in Fig. 7(a) . Soliton fusion cannot be observed for the phase difference −π ≤ θ ≤ π in this case. Next, κ = 0.5 and θ = 0.125π cases are regarded as a study of the impact of phase difference for the fusion process. Results are portrayed respectively in Fig. 7(b) and (c). Soliton fusion can be observed for 0.52π ≤ | θ| ≤ 0.91π for κ = 0.5 case. Moreover, soliton fusion can be observed for 1.29 ≤ | κ| ≤ 1.95 for θ = 0.125π case. Tables 2 and 3 present an overview of κ = 0.5 and θ = 0.125π cases, respectively, for T = 1.3.
To demonstrate the soliton fusion phenomenon more precisely, the relation between the observed phenomena and the initial phase difference and the frequency separation was examined. Examining the particular features of evolution map revealed signatures of the soliton fusion. Results are presented in Fig. 8 . Region 2 presents the parameter region in which the soliton fusion is observed. Numerical simulation results were confirmed by observing the variation of the peak power of the field. Two specific cases θ = 3π/4 in region 2 and θ = π/2 in region 3 for κ = 0.5 were studied more precisely. Variation of peak power along the propagation distance for those two specific cases are presented in Fig. 9 . Regarding the θ = π/2 case, peak power oscillates with the propagation distance because it consists of two soliton shape pulses. Peak power for the θ = 3π/4 case almost tends to 0.47 with the propagation distance. The power calculated from the amplitude is (0.68) 2 = 0.46. Observed and calculated amplitudes are almost identical. Eventually, fusion can occur only in region 2.
Discussion of Numerical Simulation Result Authentication
Numerical simulations were conducted to study the soliton fusion process. In a nonlinear system, soliton fusion dramatically illustrates the role of initial conditions for interactions between optical pulses. Pulses fuse into a single pulse when the pulse spacing and frequency separation are nearly zero [11] . Numerical simulation results revealed that the amount of pulse spacing, frequency separation, and the phase difference engender the occurrence of soliton fusion. The energy conservation law was also used to quantify our numerical simulation results.
A detailed description of the pulse spacing and frequency separation is shown in Table 4 for θ = 0 case, demonstrating that soliton fusion occurs only in region 2. Furthermore, Table 4 presents the variation of κ and η in each region. Two soliton shape pulses exist in region 1 and region 3. In region 2, only one soliton shape pulse exists. The weaker soliton shape pulse is distinguished completely. Strong irradiation of the dispersive wave is observed when the weaker soliton shape pulse disappears. The stronger soliton shape pulse gains energy from the weaker one in region 2. However, detailed characteristics for the frequency separation and phase difference for T = 1.3 are presented in Table 5 . Variation of κ and η can be summarized as shown in Table 5 . Two different soliton shape pulses exist in region 3. Only one soliton shape pulse exists in region 2, which supports the generation of soliton fusion.
Delicate initial conditions were necessary to observe the fusion process. Two soliton shape pulses cannot be separated by further propagation once they mutually fuse. Based on the guiding center theory [27] , the effect of fiber loss was found to be negligible. No qualitative difference is apparent in our conclusions for propagation lengths that have been considered in our numerical simulation results. This fact should be considered for the development of analytical models for soliton interactions governed by the NLSE. Typical oblong shapes of some oceanic rogue waves resemble the shapes of optical rogue waves generated because of soliton fusion [18] . Aside from the optical rogue waves generated through the soliton fusion phenomenon, it is indispensable to launch the pulses as mutually close to achieve large capacity in a communication system. However, mutual interactions of the closely spaced copropagating soliton shape pulses can degrade the performance of the soliton transmission system [28] . Our observations also help to enhance future communication network systems with no mutual interactions.
Conclusion
The effects of pulse spacing, frequency separation, and the phase difference between solitary pulses for the soliton fusion phenomena have been studied based on eigenvalue analysis. Delicate initial conditions are necessary for the fusion process. Interactions between soliton shape pulses can be changed from attractive to repulsive after collision, depending on pulse parameters. Because of the interactions, the soliton shape pulses merge together, where the resultant amplitude is significantly greater than the initial amplitude of the soliton shape pulses. Fusion of optical soliton shape pulses can be regarded as a new scenario to generate optical rogue waves.
